Hydrodynamic transport in a binary mixture of inelastic hard spheres is analyzed in the context of the Boltzmann equation. A normal solution is obtained via the Chapman-Enskog method for states near the local homogeneous cooling state. The mass, heat, and momentum fluxes are determined to first order in the spatial gradients of the hydrodynamic fields, and the associated transport coefficients are identified. In the same way as for binary mixtures with elastic collisions, these coefficients are determined from a set of coupled linear integral equations. Practical evaluation is possible using a Sonine polynomial approximation, and is illustrated here by explicit calculation of the diffusion, pressure diffusion, and thermal diffusion coefficients as functions of the restitution coefficients and the ratios of mass, concentration, and particle sizes. 
I. INTRODUCTION
The qualitative properties of a granular gas whose dynamics is dominated by pair-wise collisions between the grains can be described by a Boltzmann equation, suitably modified to describe the more complex two particle collisions. In the simplest model the grains are taken to be smooth, hard spheres with inelastic collisions. In recent years, the derivation of hydrodynamic equations for a one component granular gas from this idealized Boltzmann description has been worked out in detail to Navier-Stokes order [1] , with explicit expressions for the transport coefficients as a function of the degree of dissipation (the restitution coefficient). These recent results improve upon earlier studies [2] [3] [4] by providing expressions that are accurate even for strong dissipation. As a consequence, there are now precise predictions from the Boltzmann equation suitable for detailed comparison with Monte Carlo simulation, molecular dynamics simulation, and the evolving new class of controlled experiments. This analysis for the one component system also have been extended to dense gases described by the Enskog equation [6] . Similar studies for multicomponent granular gases are more scarce. Existing work on multicomponent transport appears to be based on weak dissipation approximations [7] [8] [9] [10] . Our objective is to provide a description of hydrodynamics in binary granular mixtures with a comparable accuracy to that for the one component system, valid over the broadest parameter range including strong dissipation. The reference homogeneous cooling state for a binary mixture has been discussed in detail recently [11] to provide the proper basis for analysis of transport due to spatial inhomogeneities. Those results are used here to describe mass, heat, and momentum transport. The expressions for the distribution functions, fluxes, and transport coefficients are exact to Navier-Stokes order (within the context of the Boltzmann equation).
The hydrodynamic equations for a binary mixture at low density are derived from the coupled set of Boltzmann equations for the two species in the same manner as for a one component system. The solutions for the distribution functions are expanded about a local homogeneous cooling state that is analogous to the local equilibrium state for a gas with elastic collisions. The expansion is in powers of the spatial gradients of the hydrodynamic fields (e.g., species densities, temperature, and flow velocity) and is an extension of the familiar Chapman-Enskog procedure for elastic collisions. The primary technical complication for inelastic collisions is an inherent time dependence of the reference state due to collisional cooling. In a one component system this occurs through the time dependence of the temperature defined in terms of the mean square velocity for the homogeneous cooling distribution. For a two component system the temperature is defined in terms of the algebraic average of the mean square velocities for the two distributions. In the case of elastic collisions the average temperature is the same as the kinetic temperatures for each species in the local equilibrium state. However, a surprising result of the study in Ref. [11] is that these temperatures are all different for inelastic collisions. This does not mean that there are additional hydrodynamic degrees of freedom since their cooling rates are the same and consequently, the partial kinetic temperatures still can be expressed in terms of the average temperature. But the relationships between these temperatures are functions of the densities for the two species and lead to a new dependence of the reference cooling states on these hydrodynamic variables. The consequences of this effect for the transport coefficients is significant, as shown below.
The hydrodynamic equations for a binary mixture are somewhat more complicated than for the one component case: six coupled equations with eight transport coefficients. The irreversible (dissipative) parts of the mass, heat, and momentum fluxes are calculated to leading order in the spatial gradients of the hydrodynamic fields. For systems with elastic collisions the specific set of gradients contributing to each flux is restricted by fluid symmetry, time reversal invariance (Onsager relations), and the form of the entropy production. For inelastic collisions only fluid symmetry applies so there is greater freedom in representing the fluxes and identifying associated transport coefficients. This is discussed further in Section III where the independent gradients are chosen to be those for the concentration of species one, the pressure, the temperature and the components of the flow field, with eight independent scalar transport coefficients. Using the Chapman-Enskog expansion the solutions to the Boltzmann equations are obtained to leading order in these gradients, and the transport coefficients are expressed in terms of the solutions to a set of coupled linear integral equations.
The plan of the paper is as follows. In Sec. II, the coupled set of Boltzmann equations and the corresponding hydrodynamic equations are recalled. The Chapman-Enskog expansion adapted to the inelastic binary mixtures is described in Sec. III to construct the distribution function to linear order in the gradients. This solution is used to calculate the fluxes and identify associated transport coefficients. A Sonine polynomial approximation is applied to solve the linear integral equations defining selected transport coefficients in Sec.
IV. To simplify this first detalied calculation here, attention is restricted to the evaluation of the mass fluxes and their corresponding transport coefficients. Finally, the results are summarized and discussed in Sec. V.
II. BOLTZMANN EQUATION AND CONSERVATION LAWS
Consider a binary mixture of smooth hard spheres of masses m 1 and m 2 , and diameters σ 1 and σ 2 . The inelasticity of collisions among all pairs is characterized by three independent constant coefficients of normal restitution α 11 , α 22 , and α 12 = α 21 , where α ij is the restitution coefficient for collisions between particles of species i and j. In the low-density regime, the distribution functions f i (r, v; t) (i = 1, 2) for the two species are determined from the set of nonlinear Boltzmann equations [12] 
The Boltzmann collision operator J ij [v 1 |f i , f j ] describing the scattering of pairs of particles is
where 
where µ ij = m i / (m i + m j ). The relevant hydrodynamic fields are the number densities n i , the flow velocity u, and the temperature T . They are defined in terms of moments of the distributions f i as
where V 1 = v 1 − u is the peculiar velocity, n = n 1 + n 2 is the total number density, ρ = m 1 n 1 + m 2 n 2 is the total mass density, and p is the pressure.
The collision operators conserve the particle number of each species and the total momentum but the total energy is not conserved:
i,j
where ζ is identified as the "cooling rate" due to inelastic collisions among all species. From
Eqs. (4)- (8), the macroscopic balance equations for the mixture can be obtained. They are given by
In the above equations, D t = ∂ t + u · ∇ is the material derivative,
is the mass flux for species i relative to the local flow
is the total pressure tensor, and
is the total heat flux.
The balance equations become a closed set of hydrodynamic equations for the fields n i , u and T once the fluxes (11)- (14) of the fields and their gradients. Such a solution is called a "normal" solution, and a practical means to generate it for small spatial gradients is provided by the Chapman-Enskog method [13] .
III. CHAPMAN-ENSKOG SOLUTION OF THE BOLTZMANN EQUATIONS
The analysis of transport phenomena in fluid mixtures is considerably more complicated than in the case of a one component system. Not only is the number of transport coefficients larger but these coefficients also are functions of more parameters such as the concentrations, mass ratios, size ratios, and the three coefficients of restitution. It follows from fluid symmetry that the pressure tensor has the same form to first order in the gradients as for a one component system. As noted in the Introduction, there is more flexibility in the representation of the heat and mass fluxes. Even in the case of elastic collisions, several different (but equivalent) choices of hdyrodynamic fields are used so some care is required in comparing transport coefficients in the different representations. The choice here is to use the concentration of species 1, defined in terms of the densities by
together with the pressure, the temperature, and the three components of the local flow velocity [14] . The fluxes then have the forms
The transport coefficients in these equations are
For systems with elastic collisions, the thermal conductivity in a mixture is generally measured at j 1 = constant, based on Onsager's relations between coefficients in j 1 and q. This is no longer an experimentally useful choice here. If in addition it is required that p = constant, then ∇x 1 can be eliminated to give q in terms of j 1 and ∇T . The coefficient of ∇T in this representation is then the thermal conductivity. The bulk viscosity vanishes at low density, as shown below, just as in the case of elastic collisions. The objective here is to apply the Chapman-Enskog method for a solution to the Boltzmann equation to first order in the gradients, confirm the forms (15)- (17), and determine a means to calculate the transport coefficients as functions of the parameters of the system.
The Chapman-Enskog method assumes the existence of a "normal" solution in which all space and time dependence of the distribution function occurs through a functional dependence on the hydrodynamic fields
For small spatial variations, this functional dependence can be made local in space and time through an expansion in gradients of the fields. To generate the expansion f i is written as a series expansion in a formal parameter ǫ measuring the uniformity of the system,
where each factor of ǫ means an implicit gradient of a hydrodynamic field. The local reference
are chosen such that they have the same moments as in Eqs. (4) and (5), or equivalently, the remainder of the expansion must obey the orthogonality conditions
The time derivatives of the fields are also expanded as
The coefficients of the time derivative expansion are identified from the balance equations (9)- (11) with a representation of the fluxes and the cooling rate in the macroscopic balance equations as a similar series through their definitions as functionals of the distributions f i . This is the usual Chapman-Enskog method for solving kinetic equations [13] . The main difference in the case of inelastic collisions is that the reference state is not stationary so that the terms from the time derivative ∂ (0) t are not zero.
To zeroth order in ǫ, the kinetic equations (1) become
The mass and energy balance equations to this order give
where the cooling rate ζ (0) is determined by Eq. (8) to zeroth order
This homogeneous state has been studied recently [11] and is discussed in more detail in the next Section. The time derivative in Eq. (23) can be represented more usefully as
where
The second equality follows from dimensional analysis which requires that the temperature dependence of f (0) i must be of the form
is a thermal velocity defined in terms of the temperature T (t) of the mixture. The dependence on the magnitude of V 1 follows from the requirement that to zeroth order in gradients f i must be isotropic with respect to the velocity. The Boltzmann equations at this order can be written finally as
Since the distribution functions are isotropic, it follows from Eqs. (12) and (14), that the zeroth order mass and heat fluxes vanish while, for the same reason, the momentum flux is diagonal with a coefficient that is just the sum of the partial pressures, i.e.,
To first order in the gradients, the equation for f
where it is understood that i = j and the linear operators L i and M i are
The action of the time derivatives ∂
(1) t on the hydrodynamic fields is
+ u · ∇ and use has been made of the results j
Evaluating the right side of Eq. (30) gives
The equation for f
is now
The coefficients of the field gradients on the right side are functions of V 1 and the hydrodynamic fields. They are given by
The solutions to Eqs. (38) are of the form
The coefficients A i , B i , C i , and D i,αβ are functions of the peculiar velocity V 1 and the hydrodynamic fields. The cooling rate depends on space through its dependence on x 1 , p, and T . The time derivative ∂ (0) t acting on these quantities can be evaluated by the replace-
In addition, there are contributions from ∂ (0) t acting on the temperature and pressure gradients given by
The integral equations for A i , B i , C i , and D i,αβ are identified as coefficients of the independent gradients in Eq. (43):
The solutions to these linear integral equations are made unique by the orthogonality conditions (21) and (22), i.e.,
With the functions (A i , B i , C i , D i,αβ ) determined in this way, the solutions to the Boltzmann equations are determined by (43) exactly to first order in the spatial gradients. (12)- (14) gives the expected forms (15)- (17) for the fluxes. The transport coefficients associated with j 1 are identified as
Use of Eq. (43) in the definitions
The transport coefficients for the heat flux are
Finally, the shear and bulk viscosities are
The bulk viscosity vanishes since the trace of D i,αβ vanishes, as follows from Eq. (49).
To summarize the results to this point, the solutions to the Boltzmann equations to first order in the spatial gradients are
The solution to zeroth order, f 
For elastic collisions the temperatures T i are the same as the global temperature T defined in Eq. (5). The condition that f (0) i is normal implies that T i is a function of n i and T , or equivalently
where γ i depends on the hydrodynamic state through the concentration. The determination of this functional dependence is worked out in Ref. [11] . The Sonine polynomials used here are defined with respect to Maxwellians characterized by the temperatures T i rather than those characterized by T for elastic collisions. With this choice the leading deviation from the Maxwellians is a polynomial of degree 4
where The reader is referred to Ref. [11] for further details.
In the remainder of this section the lowest order Sonine polynomial approximations for of the quantities A i , B i , and
The coefficients {a i , b i , c i } are related to the transport coefficients in this approximation through (52)-(54)
Here, γ = T 1 /T 2 and δ = n 1 /n 2 . The coefficients {a 
where the collision frequency ν is given by
This integral is evaluated in Appendix B with the result
where ν e is the corresponding result for the elastic case
and ρ i = m i n i is the mass density of species i. These results, together with a 2 = −δγa 1 , b 2 = −δγb 1 , and c 2 = −δγc 1 completely determine the distribution functions to first order in the Sonine polynomial expansion.
The transport coefficients are identified from (69)- (71) as
Since j 1 = −j 2 and ∇x 1 = −∇x 2 , it is expected that D should be symmetric with respect to interchange of particles 1 and 2 while D p and D ′ should be antisymmetric. This can be verified by noting that n 1 T 1 + n 2 T 2 = nT . The expression for ν agrees with the known result for elastic collisions [13] . For the case of mechanically equivalent particles (m 1 = m 2 , α 11 = α 22 = α 12 ≡ α, σ 11 = σ 22 ) in the dilute concentration limit (ρ 2 → 0), the expression for the diffusion coefficient D coincides with the one recently derived in the self-diffusion problem [5] .
A complete presentation of the results is complex since there are many parameters involved: α ij , m 1 /m 2 , n 1 /n 2 , and σ 11 /σ 22 . For the sake of concreteness, consider the case In this paper, we have determined the diffusion, pressure diffusion, and thermal diffusion coefficients in the first Sonine approximation. The derivation and approximate results are not limited to weak inelasticity and selected examples have been given in the range 0.5 ≤ α ≤ 1.
An exploration of the full parameter space (mass ratio, diameters, concentrations, inelasticity parameters) is straightforward but beyond the scope of this presentation. We intend to create a library of programs for calculation of distribution functions and transport coefficients in one and two component granular systems, available to the public on our web site.
The application of the Chapman-Enskog procedure here follows closely recent derivations of hydrodynamics and transport coefficients for one component granular gases [1, 6 ]. An important difference in the mixture is the need for two different temperatures in the reference local homogeneous cooling states, leading to qualitative differences in the concentration dependence of the transport coefficients relative to the elastic limit. This reference state is discussed in more detail in Ref. [11] . Effectively, the absence of energy conservation for granular gases leads to a failure of detailed balance between the velocity distributions in the homogeneous state. One consequence is non Maxwellian distributions observed already for one component systems. For multicomponent systems a second consequence is different covariances of the distributions for different species, although the cooling rates are all equal.
The latter property implies that the different partial temperatures can be expressed in terms of the global temperature (as is required for a hydrodynamic description) although the functional relationships defining such partial temperatures introduce a new dependence on the concentrations. This leads to additional spatial gradients at first order in the ChapmanEnskog expansion and consequently additional contributions to the transport coefficients.
The effect of these terms can be significant, as illustrated in Fig. 1 . Previous work on granular mixtures [7] [8] [9] [10] is restricted by weak dissipation approximations. In addition, these studies do not include contributions from the partial temperature differences which are significant even for weak dissipation.
The explicit determination of the remaining transport coefficients of the mixture, e.g. those corresponding to the heat flux and the pressure tensor, is straightforward but complex.
The analysis is in progress. One interesting question is whether the mixture hydrodynamics is more or less stable than that of the one component case, and if such phenomena as phase separation or segregation can occur. Another direction of study is the extension of the present simple hydrodynamic state to higher densities based on the revised Enskog kinetic equation, following recent results for the one component fluid [6] . In this case the new complexity is due to the dependence of the collision operator on concentration through the pair correlation functions for the different species. Finally, we hope that the present results stimulate the performance of computer simulations (molecular dynamics and/or by using the Direct Simulation Monte Carlo method [16] ) to study hydrodynamics in granular binary mixtures.
Next, multiplication by m 1 V 1 and integrating over the velocity leads to 
D(α)/D(1)
α
